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INTRODUCTION
This module belongs to you.  It is designed to serve as a guide for the duration of your course and as a resource for after the time.  It contains readings, activities, and application aids that will assist you in developing the knowledge and skills stipulated in the specific outcomes and assessment criteria.

Follow along in the guide as the facilitator takes you through the material, and feel free to make notes and diagrams that will help you to clarify or retain information.  Jot down things that work well or ideas that come from the group.  Also note any points you’d like to explore further.

Participate actively in the skills practice activities as they will give you an opportunity to gain insights from other people’s experiences and to practice the skills.  Remember to share your own experiences so that others can lean from you too.

Each section will be preceded by outcomes and assessment criteria taken from the South African Unit Standards, where available.  These will describe what you must know and be able to do in order to successfully complete the course.  If the course is aligned to Unit Standards, you will be able to receive credits towards a National Qualification upon successful assessment.
Programme Overview
Purpose

In order to achieve the credits and qualify for the this appropriate registered standard, determined by the Sector of Education Training Authority, you are expected to have demonstrated specific learning outcomes.

Specific Outcomes

Specific Outcomes describe what the learner has to be able to do successfully at the end of this learning experience.

Assessment Criteria

The only way to establish whether a learner is competent and has accomplished the specific outcomes, is through the assessment process.  Assessment involves collecting and interpreting evidence about the learners’ ability to perform a task.  This module includes assessments in the form of self-assessments, group tasks, quizzes, projects and a practical training programme whereby your are required to perform tasks and collect, as portfolio of evidence, proof signed by your facilitator that you have successfully performed these tasks.

To Qualify

To qualify and receive credits towards your qualification, a registered Assessor will conduct an evaluation and assessment of your portfolio of evidence and competency.

Range of Learning

This describes the situation and circumstance in which competence must be demonstrated and the parameters in which the learner operates.
Responsibility
The responsibility of learning rests with you, so be proactive and ask questions; seek assistance and help from your facilitator, if required.

How You Will Learn
The programme methodology includes facilitator presentations, readings, individual activities, group discussions and skill application exercises.  Know what you want to get out of the programme from the start and start applying your new skills immediately.  Participate as much as possible so that the learning will be interactive and stimulating.
How you will be assessed
This programme has been aligned to registered unit standards.  You will be assessed against the outcomes of the unit standards by completing a assessments that cover the essential embedded knowledge stipulated in the unit standards, and by compiling a portfolio of evidence that provides proof of your ability to apply the learning to your work situation.  When you are assessed as competent against the unit standards, you will receive 10 credits towards your National Qualification.
Personal Objectives And Expectations
You will get much more out of the programme if you take some time to think about the things you would like to achieve as a result of the training.

	

	

	

	

	

	

	

	


UNIT STANDARD 9010

Unit Standard Title 

Demonstrate an understanding of the use of different number bases and measurement units and an awareness of error in the context of relevant calculations
NQF Level

3

Credits

2

Purpose

This Unit Standard is intended to provide credits towards the mathematical literacy requirements of the NQF at level 2. The essential purposes of the mathematical literacy requirements are that, as the learner progresses with confidence through the levels, the learner will grow in: 

· An insightful use of mathematics in the management of the needs of everyday living to become a self-managing person 

· An understanding of mathematical applications that provides insight into the learner `s present and future occupational experiences and so develop into a contributing worker 

· The ability to voice a critical sensitivity to the role of mathematics in a democratic society and so become a participating citizen.

People credited with this unit standard are able to: 

· Convert numbers between the decimal number system and binary number system 

· Work with numbers in different ways to express size/magnitude. 

· Demonstrate the effect of error in calculations.

Learning Assumptions

Learners accessing this Unit Standard should be competent in Mathematical Literacy and Communications at NQF level 2.

Specific Outcomes and Assessment Criteria

Specific Outcome 1: Convert numbers between the decimal number system and the binary number system: This outcome includes the need to: Perform addition and subtraction of positive whole numbers in binary up to 100002 (16 in decimal), Demonstrate understanding of the mathematical relationships and principles involved in the computations.

Assessment Criteria

· Conversion between binary and decimal numbers is done correctly

· Basic addition and subtraction calculations in the binary number system are done correctly

· Using positive whole numbers up to the 16 in decimal

· Practical applications of the decimal and binary system are explained correctly

Specific Outcome 2: Work with numbers in different ways to express size and magnitude: This outcome includes the need to use scientific notation for small and large numbers.

Assessment Criteria

· The prefixes indicating magnitude in measurements are correctly related to the decimal system. 
· The prefixes indicating magnitude in measurements are correctly related to the decimal system: From Giga to Pica (1012 to 10 -12)

· Conversions between related units in different measurement systems are correctly applied in real-life contexts: SI to Imperial; Degrees F to degrees C

Specific Outcome 3: Demonstrate the effect of error in calculations

Assessment Criteria

· Symbols for irrational numbers such as 7c and 42 are left in formulae or steps to calculations except where approximations are required

· Descriptions are provided of the effect of rounding prematurely in calculations

· The desired degree of accuracy is determined in relation to the practical context

· The final value of a calculation is expressed in terms of the required unit

Unit Standard Essential Embedded Knowledge

· Number systems and rational and irrational numbers 

· Estimation and approximation 

· Scientific notation

Critical cross-field outcomes

Upon successful completion of this course, the learner will be able to:

· Collect, analyse, organise and critically evaluate information: Gather, organise, and interpret numerical information. solving methods. 

· Use mathematics: Use mathematics to describe and represent realistic situations and to solve problems relevant to the learner

· Communicate effectively: Use everyday language and mathematical language to describe relationships, processes and problem 
DECIMAL AND BINARY SYSTEM

Outcome 1
Convert numbers between the decimal number system and the binary number system:

Assessment criteria
· Conversion between binary and decimal numbers is done correctly

· Basic addition and subtraction calculations in the binary number system are done correctly

· Using positive whole numbers up to the 16 in decimal

· Practical applications of the decimal and binary system are explained correctly

Introdution: Computational Tools
A sequence of calculations that sets out a series of detailed steps enabling a particular result to be obtained, is called an algorithm.  The process of long division, for instance, is an algorithm.   

The value of algorithms has been rediscovered with the development of calculating machines. These machines are used in many forms today, varying from pocket calculators to complicated computers.

For the purpose of this course the simple pocket calculator will be discussed as a computational tool.

The liquid crystal display (LCD) of the calculator is made of a liquid crystal, hermetically sealed between two glass plates and caution must be exercised in handling the calculator.

The following general rules must be kept in mind to ensure trouble free operation:

· Do not place the calculator in a location subject to direct sunlight, especially in a car with its windows closed in a hot climate.  High temperatures may damage the calculator.

· Avoid locations subject to rapid temperature changes and excessive moisture or dust.

· Do not drop or bump the calculator.

· Always use a soft dry cloth to clean the calculator – not a cloth moistened with any volatile solvent or water.

· If the calculator uses batteries, do not leave the batteries in it for extended periods if the unit is not to be used.  Battery acid leakage may damage the calculator.

A wide variety of calculations can be done, depending on the type of calculator used. Specialised calculators are used for example scientific, statistic or financial purposes.  

It is a good idea to study the manual of your specific calculator well to be able to maximize the use of your computational tool
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Introduction to numbers and algorithms
Addition and Subtraction

Example 1

123 + 456 + 789

Key in:
123
+
456

+

789



Answer:
1368


Example 2

100 - 25 - 35


Key in:
100
-
25

-
35

Answer:
40



Pressing the 
=
key gives the answer to the entered formula.
Multiplication and Division

Example 3

50
x (-2) ÷ 4


Key in:
50
x 
2
±
÷
4
=




Answer: 
-25











NOTE:  To enter a negative number, press the  ±  (change Sign) key after numeric entry.
Example 4

5 + 2 x 3 - 2 ÷ 0.5


Key in:
5
+
2
x
3
-2
÷
1
=



Answer:
7

Parentheses (Brackets) 

The parentheses key are used to cluster together a series of operations if it is necessary to do it first.  When brackets are used the calculations in brackets take precedence over any other calculation.  Calculations within the innermost set of brackets will be performed first.
Example 5

12 + 42 ÷ (8 - 6)


Key in:
12
+
42
÷
(
8
-
6
)
=

Answer:
33

Example 6

( 3 + 4 ) x ( 3 - 1 )

Key in:
(
3
+
4
)
x
(
3
-
1
)
=


Answer:
14

Important:  An error will occur should the brackets be omitted!

414.3 – 298.99 +3.56

	

	


42.2 x( 5.3 – 4.3)

	

	


33.1 x (4.5 + 3.9)

	

	


0.003 + 2.13 x (4.5 + 4.2)

	

	


Determine the error should you omit the brackets.

	

	

	

	

	

	

	

	

	

	

	

	


Decimal and Binary Number Systems

A numeral is a symbol or group of symbols, or a word in a natural language that represents a number. Numerals differ from numbers just as words differ from the things they refer to. The symbols "11", "eleven" and "XI" are different numerals, all representing the same number. This article attempts to explain the various systems of numerals.

A numeral system (or system of numeration) is a framework where a set of numbers are represented by numerals in a consistent manner. It can be seen as the context that allows the numeral "11" to be interpreted as the binary numeral for three, the decimal numeral for eleven, or other numbers in different bases.
The Binary Number System

The binary digit system is very important to our daily life, as all information contained inside computers consist of it.  “Bi” means two, and that is the basis of this whole numerical system.  

It consists of the basic elements 0 and 1.

There is no difference between the way the binary system and the decimal system consider 0 and 1.  But how do we represent 2 in the binary system?  The answer is the same as for any other numerical system.  When the single digits are all used we move on to double digits. 

Elements:

0, 1

Base Number:

2
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Example
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The Decimal Number System

There is more than one number system.  The decimal number system is the most common where there are 10 elements

Elements: 

0, 1, 2, 3, 4, 5, 6, 7, 8, 9

Base Number:

10

The decimal system is the one we use to count and perform operations on numbers. Perhaps the decimal system is used because humans have ten fingers and counting objects began with using our ten digits, as they are called. I wonder how we would be counting if we had eight or twelve fingers. I suppose we will never know.

When the decimal system is mentioned, almost everyone says that they know and understand the system. However, when asked to count, they start at 1 and count to 10. This is incorrect! The decimal system consists of ten items but they actually start at 0 and end at 9. 

The Arabic nations invented a method to represent two extremely important concepts: 

· how to represent zero and

· a system so that each number in a specific position has a well-known and easily definable meaning or weight. 

It may sound strange but the invention of zero (or nothing) was the biggest breakthrough in mathematical history. together with the fact that the position of each digit had a specific meaning meant that commerce and trade were simplified. The western world uses slight modifications of the numbering figures invented so long ago by the Arabic nations.
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Example
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To avoid confusion while using different numeral systems, the base of each individual number may be specified by writing it as a subscript of the number. For example, the decimal number 156 may be written as 15610 and read as "one hundred fifty-six, base ten". The binary number 10011100 may be specified as "base two" by writing it as 100111002.

Since the binary system is the internal language of electronic computers, serious computer programmers should understand how to convert from decimal to binary. Although, converting in the opposite direction, from binary to decimal, is often easier to learn first.

Counting in binary numbers
A Binary Number is made up of only 0s and 1s.

	110100

	Example of a Binary Number
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How do we Count using Binary? 

	Binary
	 
	 
	 

	0
	 
	We start at 0 
	 

	1
	 
	Then 1
	 

	???
	 
	But then there is no symbol for 2 ... what do we do?
	 


How do we count in Decimal?

	
	 
	0
	 
	Start at 0

	
	 
	...
	 
	Count 1,2,3,4,5,6,7,8, and then...

	
	 
	9
	 
	This is the last digit in Decimal

	
	 
	10
	 
	So we start back at 0 again, but add 1 on the left


The same thing is done in binary ...

	 
	Binary
	 
	 

	 
	0
	 
	Start at 0

	•
	1
	 
	Then 1

	••
	10
	 
	Now start back at 0 again, but add 1 on the left

	•••
	11
	 
	1 more

	••••
	???
	 
	But NOW what ... ?

	Decimal

	What happens in Decimal ... ?
	 
	99
	 
	When we run out of digits, we ...

	
	 
	100
	 
	... start back at 0 again, but add 1 on the left


And that is what we do in binary ...

	 
	Binary
	 
	 

	 
	0
	 
	Start at 0 

	•
	1
	 
	Then 1

	••
	10
	 
	Start back at 0 again, but add 1 on the left

	•••
	11
	 
	 

	••••
	100
	 
	start back at 0 again, and add one to the number on the left...
... but that number is already at 1 so it also goes back to 0 ...
... and 1 is added to the next position on the left

	•••••
	101
	 
	 

	••••••
	110
	 
	 

	•••••••
	111
	 
	 

	••••••••
	1000
	 
	Start back at 0 again (for all 3 digits), 
add 1 on the left

	•••••••••
	1001
	 
	And so on!


Binary Digits ... They Double!

Also notice that each time you add another binary digit you double the possibilities. Why double? Because you have to take all the previous possible positions and match them with a "0" and a "1".

So, if you had 5 things, then the total would be 32, 6 things would be 64, etc.

Hierarchy of Decimal Numbers 

	Number
	Name
	How many

	0 
	zero
	 

	1 
	one
	One

	2 
	two
	two ones

	3 
	three
	Three ones

	4 
	four
	Four ones

	5 
	five
	Five ones

	6 
	six
	Six ones

	7 
	seven
	seven ones

	8 
	eight
	Eight ones

	9 
	nine
	Nine ones

	10 
	ten
	one ten

	20
	twenty
	two tens

	30
	thirty
	three tens

	40
	forty
	four tens

	50 
	fifty
	five tens

	60
	sixty
	six tens

	70
	seventy
	seven tens

	80
	eighty
	eight tens

	90
	ninety
	nine tens

	Number
	Name
	How Many

	100 
	one hundred
	ten tens

	1,000 
	one thousand
	ten hundreds

	10,000
	ten thousand
	ten thousands

	100,000
	one hundred thousand
	one hundred thousands

	1,000,000
	one million
	one thousand thousands


Some people use a comma to mark every 3 digits. It just keeps track of the digits and makes the numbers easier to read.

Binary Representation Of The Decimal Numbers 1 To 35:

	Decimal value
	Binary value
	Decimal value
	Binary value
	Decimal value
	Binary value

	0
	0
	16
	10000
	32
	100000

	1
	1
	17 
	10001
	33
	100001

	2
	10
	18
	10010
	34
	100010

	3
	11
	19
	10011
	35
	100011

	4
	100
	20
	10100

	5
	101
	21
	10101

	6
	110
	22
	10110

	7
	111
	23
	10111

	8
	1000
	24
	11000

	9
	1001
	25
	11001

	10
	1010
	26
	11010

	11
	1011
	27
	11011

	12
	1100
	28
	11100

	13
	1101
	29
	11101

	14
	1110
	30
	11101

	15
	1111
	31
	11101


Addition Of Binary Numbers
Binary addition rules

Adding binary numbers is very similar to adding decimal numbers, but with a few minor exceptions: only 0's and 1's can be used, instead of the whole spectrum of 0-9. This actually makes binary addition much simpler than decimal addition, as we only need to remember the following: 

0 + 0 = 0

0 + 1 = 1

1 + 0 = 1

1 + 1 = 10 

As an example of binary addition we have, 

  101
+101 

a) To add these two numbers, we first consider the "ones" column and calculate 1 + 1, which (in binary) results in 10. We "carry" the 1 to the "tens" column, and the leave the 0 in the "ones" column. 

b) Moving on to the "tens" column, we calculate 1 + (0 + 0), which gives 1. Nothing "carries" to the "hundreds" column, and we leave the 1 in the "tens" column. 

c) Moving on to the "hundreds" column, we calculate 1 + 1, which gives 10. We "carry" the 1 to the "thousands" column, leaving the 0 in the "hundreds" column. 

  101
+101
1010 

Another example of binary addition: 

  1011
+1011
10110 

Note that in the "tens" column, we have 1 + (1 + 1), where the first 1 is "carried" from the "ones" column. Recall that in binary, 

1 + 1 + 1 = 10 + 1
                = 11 

(1011 + 1111)2

Another example:
1. Start with the two numbers in the far right column.


[image: image5]
2. Add the numbers following the rules of decimal addition (1+0 = 1, 0+0 = 0) unless both numbers are a 1.


[image: image6]
3. Add 1+1 as "10" if present. (it is not "ten" but "one zero"). Write "0" below and carry a "1" to the next column.


[image: image7]
Start on the next column to the left.

[image: image8]
Remember that 1+1 = 10 and 1+1+1 = 11. Remember to carry the "1".


[image: image9]
Example 

	
	1
	1
	1(with1 Carry over)
	(with 0 Carry over)

	
	1
	0
	1
	1

	
	1
	1
	1
	1+

	1
	1
	0
	1
	0

	2+
	3
	2+
	2
	2+
	3
	2+
	2

	
	10
	
	10
	
	10
	
	10
	

	
	1 with 1
	1 with 0
	1(with1 Carry over)
	1 (with 0 Carry over)

	
	
	
	
	

	(1011 + 1111)2 = 11010
	
	
	


Subtraction Of Binary Numbers
Binary subtraction rules

For binary subtraction, there are four facts instead of one hundred:

0 – 0 = 0

1 – 0 = 1

1 – 1 = 0

10 – 1 = 1

The first three are the same as in decimal. The fourth fact is the only new one; it is the borrow case. It applies when the “top” digit in a column is 0 and the “bottom” digit is 1. (Remember: in binary, 10 is pronounced “one-zero” or “two.”)

You subtract digit by digit starting on the right side.  

If the subtraction cannot be made (for example, you cannot subtract 1 from 0), you must then "borrow".  But when you borrow a "one" from the 4's digit, it turns into two 2's.  
Example
  10101

-  1011

Starting on the right, 1-1 = 0, so the rightmost digit in the answer is 0.  
Moving left, we cannot subtract the 1 from the 0 (in the 2's position), so we borrow on from the 4's position giving us TWO 2's. 

Then 2-1 = 1 so that there is a 1 in the 2's position of the answer. 

Moving left 0-0=0 (remember we already borrowed the 1 in the 4's position of the top number) So 0 is the answer digit in the 4's position.  Moving left, we cannot subtract 1 from 0 so we borrow a 1 from the 16's position giving us 2 in the 8's position.  2 - 1 = 1 so the answer is 1010.

It would look like this when you are done

  10101

-  1011

  -----

   1010
Another example
  111

 - 10

  101 

For 10 minus 1, 1 is borrowed from the "tens" column for use in the "ones" column, leaving the "tens" column with only 2. The following examples show "borrowing" in binary subtraction. 

    10       100      1010
   -  1       - 10     - 110
      1          10       100 

(11000 – 10101)2

	11000

	-10101

	00011

	


(11000 – 10101)2 = 00011
Converting From Binary Digits To Decimal Numbers

Show the extended notation of 11010

Example:

110102 = 1 x 24 + 1 x 23 + 0 x 22 + 1 x 21 + 0 x 20
Example

Express the binary value 1011011001 as a decimal number.

1011011001

=1x29 + 0x28 + 1x27 + 1x26 + 0x25 + 1x24 + 1x23 + 0x22 + 0x21 + 1x20

=1x29 + 1x27 + 1x26 + 1x24 + 1x23 + 1x20
=512 +128 + 64 + 16 + 8 +1

= (729)1 or 

(1011011001)2 = (729)10

Conversion Of A Decimal Number To A Binary Number

Convert the decimal number 25 to a binary number

Example

	Here you repeatedly divide by 2
	25
	[image: image89.png]


1

	
	12
	0

	
	6
	0

	
	3
	1

	
	1
	1

	
	
	

	
	
	11001


Practical Application of the Binary and Decimal Number Systems

In the decimal number system we use the digits 0, 1, 9 to write any number. In binary (bi means two) number system we use the first two digits only: 1 and 0. In exactly the same way that you operate on decimal numbers, you can add, subtract, multiply, divide… binary numbers as well. Why do we want to operate on numbers written in binary form rather than in decimal form? 

At first it might seem that using only two digits will not have any practical use. However knowing that one of the most fundamental components in electronics is the switch which, at any time, can be in one of two states that may be called “1” for “ON” and “0” for “OFF”, we start to see the advantage of using binary numbers in electronic calculators and computers. 
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Formative assessment 1 SO1 AC1-4
Complete the activities in the workbook
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EXPRESS SIZE AND MAGNITUDE

Outcome 2
Work with numbers in different ways to express size and magnitude
Assessment criteria

· The prefixes indicating magnitude in measurements are correctly related to the decimal system: From Giga to Pica (1012 to 10 -12)

· Conversions between related units in different measurement systems are correctly applied in real-life contexts: SI to Imperial; Degrees F to degrees C

Express Size And Magnitude Using Numbers

What do you notice from the following two paragraphs?

The earth is approximately 149,503,000km from the sun and is moving through space at approximately 72,360km/h towards the constellation Hercules. The approximate length of earth’s orbit around the sun is 938,900,000km and the earth travels on it at about 106,000km/h. 

All matter including the earth consists of atoms. The diameter of a typical nucleus of an atom is approximately 0.00000000000001 metre or about 0.00001 times the diameter of the atom. 

In the first paragraph you should notice that rounding took place (the zeros at the end of each number usually indicate rounding). In the second paragraph you should notice that very small numbers are difficult to understand and interpret. Are there better ways to represent these numbers?

The answer is that there are better ways to represent these numbers and to work with them as well.  
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Prefixes, Symbols, Factors and Powers of 10

First, however, we have to look at the various prefixes that are used to represent numbers and what each means. These are shown in table:

	Prefix
	Symbol
	Factor
	Power of 10

	Exa
	E
	1,000,000,000,000,000,000
	18

	Peta
	P
	1,000,000,000,000,000
	15

	Tera
	T
	1,000,000,000,000
	12

	Giga
	G
	1,000,000,000
	9

	Mega
	M
	1,000,000
	6

	Kilo
	K
	1,000
	3

	Hecto
	H
	100
	2

	Deka
	Da
	10
	1

	Deci
	D
	0.1
	-1

	Centi
	C
	0.01
	-2

	Milli
	M
	0.001
	-3

	Micro
	µ
	0.000001
	-6

	Nano
	N
	0.000000001
	-9

	Pico
	P
	0.000000000001
	-12

	Femto
	F
	0.000000000000001
	-15

	Atto
	A
	0.000000000000000001
	-18


You should notice that table has 16 entries of which 8 are greater than 1 and 8 are less than one. You should also notice that the powers of 10 are the same but of opposite sign for each pair of 8 numbers. For example, 0.001 has a power of 10 as –3 and 1,000 has a power of 10 of 3.

The number 1,000 = 10 × 10 × 10 = 
[image: image10.wmf]3
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 where 
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 simply indicates 10 to the power of 3 or 10 multiplied by itself 3 times.

The number 0.001 = 
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 = 
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 where 
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 indicates 1 over 10 to power of 3 or 1 divided by 10 multiplied by itself 3 times. 
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 is the inverse of 
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.

To get back to the very small numbers, we could represent the size of the nucleus of the atom as 1×
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 metre and say that it is 
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 the diameter of the entire atom. 
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 is the same as 
[image: image20.wmf]1

100,000

. In other words, the entire atom is 100,000 times larger than its nucleus
It is VERY important to always indicate a unit.  The unit is what gives meaning to a number.  Just think 3000 tells you nothing about what this number is for or what it does, but R3000 is very useful!  Also remember to indicate the unit EXACTLY as it is shown above.  Km is wrong and so is S, if the unit is not given exactly right your answer will be wrong! 

The symbols in the last column are not abbreviations (hence, no periods are used), and they are exactly the same in all languages. Prefixes may be added to these symbols in order to conveniently refer to very large or very small quantities. The prefixes are listed in below.

These prefixes are used for every unit (supplementary or derived) with the exception of the kilogram. 

Examples are millimetre (mm), kilometre/hour (km/h), megawatt (MW), and picofarad (pF). Because double prefixes are not used, and because the base unit kilogram already contains a prefix, prefixes are not used with kilogram, although they are used with gram. 

The prefixes hecto, deka, deci and centi are used only rarely, and then usually with metre to express areas and volumes. Because of established usage, the centimetre is retained for body measurements and clothing. 

Conversions between Different Number Systems
SI Units
[image: image93.png]



[image: image21.png]



South Africa uses the SI system of measurements, as do most countries of the world. International System of Units (French Le Système International d'Unités) is commonly referred to throughout the world as SI, after the initials of Système International
The SI or Systéme International consists of 7 base units, which were taken into use in order to have a worldwide acknowledged unit system.  This has significantly simplified the sharing of information between countries with different traditional units. 

The table below illustrates each SI unit, name and symbol.

	Quantity
	Name of base SI unit
	Symbol

	Length
	metre (meter)
	M

	Mass
	kilogram
	Kg

	Time
	second
	S

	Electric current
	ampere
	A

	Thermodynamic temperature
	Kelvin
	K

	Amount of substance
	mole
	Mol

	Luminous intensity
	candela
	Cd
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They are used for every unit (supplementary or derived) with the exception of the kilogram. Examples are millimetre (mm), kilometre/hour (km/h), megawatt (MW), and picofarad (pF). Because double prefixes are not used, and because the base unit kilogram already contains a prefix, prefixes are not used with kilogram, although they are used with gram. 

The prefixes hecto, deka, deci and centi are used only rarely, and then usually with metre to express areas and volumes. Because of established usage, the centimetre is retained for body measurements and clothing. 

Some examples of SI derived units:

	Quantity
	Name of derived SI unit
	Symbol

	Area
	square metre
	m2

	Volume
	cubic metre
	m3

	Velocity
	metre per second
	m/s

	Acceleration
	metre per second squared
	m/s2

	Density
	kilogram per cubic metre
	kg/m3

	Current density
	ampere per square metre
	A/m2

	Magnetic field strength
	ampere per metre
	A/m

	Specific volume
	cubic metre per kilogram
	m3/kg

	Luminance
	candela per square metre
	cd/m2


The metre and the kilogram had their origin in the metric system. The metre is defined as the length of the path travelled by light in vacuum during a time interval of 1/299,792,458 of a second. 

When the metric system was created, the kilogram was defined as the mass of 1 cubic decimetre of pure water at the temperature of its maximum density (4.0°C). Today the reference kilogram is a platinum-iridium cylinder. 

Converting between units is straightforward as these examples show. If you don’t understand these examples, refer back to the table containing symbols and factors. Remember that you are only moving a decimal point and changing a name. You don’t have any real arithmetic to do.

1kg (kilogram) = 1,000g (grams) = 100dag (dekagrams) = 10hg (hectograms).

1kl (kilolitre) = 1,000l (litres) = 100dal (decilitres) = 10hl (hectolitres).

Although the values of the factors differ by multiples of 10, some symbols and names are rarely used. Of the six symbols and names in this example, I have only seen kg (kilogram), g (gram) and l (litre). So let’s look at some common uses.

If I travel 1,000km I say: ‘I travelled 1,000kms.’ I don’t say: ‘I travelled 1Mm (megametre)’. It is not incorrect to use megametre for 1,000km but nobody I know uses that phrase. However, you may see a few other uses that at first glance appear strange. The contents of bottles may contain 750ml or 75dl but not usually 0.75l and medication may contain 600mg of a substance but not usually 0.6g. These values refer to the same measurements (750ml = 75dl = 0.75l and 600mg = 0.6g).
Using the SI system

The SI system uses the metric (decimal) system and uses a number of standard prefixes for units of length and mass that were covered in the previous section. Using the SI system means that we should know the most important ones. The three most important ones are:
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Example
Force: kg.m.s-2 also Newton

Multiples and fractions commonly used: 

	Prefix
	Abbreviation
	Value

	Giga
	G
	109

	mega
	M
	106

	Kilo
	k
	103

	Milli
	m
	10-3

	Micro
	µ
	10-6

	Nano
	n
	10-9

	Pico
	p
	10-12


Units of time

Note that one year consists of 12 months but the month has not been defined. As an approximation, a month consists of 30 days and 22 workdays. For calculations of intervals less than one week the second is accurate and may be used. However, the second is rarely used for intervals greater than one day.

The relationship of a week, day, hour and minute calculated in terms of seconds:

	Unit
	Calculation to seconds

	1 minute
	60 seconds

	1 hour
	60 minutes

3600 seconds (60 × 60)

	1 day
	24 hours

1,440 minutes (24 × 60)

86,400 seconds (24 × 60 × 60)

	1 week
	7 days

168 hours (7 × 24)

10,080 minutes (7 × 24 × 60)

604,800 seconds (7 × 24 × 60× 60)


The week, day, hour and minute related to seconds

Speed 

The list shows units in common use for speed and their abbreviations.

	Distance
	Time
	Speed
	Abbreviation

	kilometres
	hours
	kilometres per hour
	km/h

	metres
	hours
	metres per hour
	m/h

	metres
	seconds
	metres per second
	m/s

	centimetres
	seconds
	centimetres per second
	cm/s or cm/sec


The abbreviation ‘cm/sec’ is not officially correct but it is found in practice. The other abbreviations follow the units specified by SI system.
The CGS System
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The CGS system has been in use for many years but is being replaced by the SI system. With the exception of a few terms the CGS system is very close to the SI system.  The CGS system lacks the factors.

In the CGS system measurements of length are shown in centimetres and mass in grams. The table below shows two examples of the same value expressed in both systems.

	Constant
	SI system
	CGS system

	Speed of light in a vacuum
	2.9979250 × 108m/s
	2.9979250 × 1010cm/s

	Atomic mass unit
	1.660531 × 10-27kg
	1.660531 × 10-24g


The second is the basis of time in the CGS system and remains identical to the SI system.

The Metric System
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During its evolution, the metric system has adopted many units of measure. The introduction of SI rationalised both the way in which units of measure were defined and also the list of units in use.

Some of the commonly used metric system units and symbols are shown in the table.

	Quantity measured
	Unit
	Symbol
	Relationship

	Length, width,
distance, thickness,
girth, etc.
	millimeter
	mm
	10 mm
	=
	1 cm

	
	centimeter
	cm
	100 cm
	=
	1 m

	
	meter
	m
	
	
	

	
	kilometer
	km
	1 km
	=
	1000 m

	Mass
(“weight”)*
	milligram
	mg
	1000 mg
	=
	1 g

	
	gram
	g
	
	
	

	
	kilogram
	kg
	1 kg
	=
	1000 g

	
	metric ton
	t
	1 t
	=
	1000 kg

	Time
	second
	s
	
	
	

	Temperature
	degree Celsius
	°C
	
	
	

	Area
	square meter
	m²
	
	
	

	
	hectare
	ha
	1 ha
	=
	10 000 m²

	
	square kilometer
	km²
	1 km²
	=
	100 ha

	Volume
	milliliter
	mL
	1000 mL
	=
	1 L

	
	cubic centimeter
	cm³
	1 cm³
	=
	1 mL

	
	liter
	L
	1000 L
	=
	1 m³

	
	cubic meter
	m³
	
	
	

	Speed, velocity
	meter per second
	m/s
	
	
	

	
	kilometer per hour
	km/h
	1 km/h
	=
	0.278 m/s

	Density
	kilogram per cubic meter
	kg/m³
	
	
	

	Force
	newton
	N
	
	
	

	Pressure, stress
	kilopascal
	kPa
	
	
	

	Power
	watt
	W
	
	
	

	
	kilowatt
	kW
	1 kW
	=
	1000 W

	Energy
	kilojoule
	kJ
	
	
	

	
	megajoule
	MJ
	1 MJ
	=
	1000 kJ

	
	kilowatt hour
	kW·h
	1 kW·h
	=
	3.6 MJ

	Electric current
	ampere
	A
	
	
	


Imperial Units

The Imperial units are also used in certain countries.  The imperial system, now called the UK system, was used, until very recently, for all weights and measures throughout the UK. 
Some examples of imperial measures are:

Length: inches, feet, yards
Area: square feet, acres
Weight: pounds, ounces, 
Volume: fluid ounces, gallons
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The UK system measurement of length:

	Length

	12 inches
	=
	1 foot

	3 feet
	=
	1 yard

	22 yards
	=
	1 chain

	10 chains
	=
	1 furlong

	8 furlongs
	=
	1 mile

	5280 feet
	=
	1 mile

	1760 yards
	=
	1 mile


The UK system for area.

	Area

	144 sq. inches
	=
	1 square foot

	9 sq. feet
	=
	1 square yard

	4840 sq. yards
	=
	1 acre

	640 acres
	=
	1 square mile


The UK system for volume

	Volume

	1728 cu. inches
	=
	1 cubic foot

	27 cu. feet
	=
	1 cubic yard


The UK system for capacity.

	Capacity

	20 fluid ounces
	=
	1 pint

	4 gills
	=
	1 pint

	2 pints
	=
	1 quart

	4 quarts
	=
	1 gallon (8 pints)


The UK system for mass (avoirdupois)

	Mass (Avoirdupois)

	437.5 grains
	=
	1 ounce

	16 ounces
	=
	1 pound (7000 grains)

	14 pounds
	=
	1 stone

	8 stones
	=
	1 hundredweight [cwt]

	20 cwt
	=
	1 ton (2240 pounds)


The following are a few practical estimations from the SI system that you may find useful in your daily duties:

1. Most adults are between 1.5 and 1.8 metres tall.

2. The length of an adult pace is about 1 metre.

3. It takes about 15 minutes to walk one kilometre.

4. The height of a standard door is about 2 metres.

5. The mass of a family car is about one tonne (1,000kg).

6. The mass of a bag of sugar is about 1kg.

7. One hectare = 10,000m2 or about two football pitches.

8. The volume of a normal tin of drink is about 330cm2.

9. A teaspoon holds about 5ml of liquid.

In a like manner, the following are a few practical estimations from the UK system that you may find useful

1. The height of a tall adult is about 6 feet.

2. The width of an adult thumb is about 1 inch.

3. The length of a size 8 shoe is about 1 foot.

4. An adult pace is about 1 yard.

5. The mass of a bag of sugar is just over 2 pounds.

6. An old-style bottle of milk contains 1 pint.

7. It takes about 20 minutes to walk one mile.

Commonly used unit conversions to convert between Imperial and SI 
	1 inch (in.) = 2.54 cm

	1 cm = 0.3937 in.

	1 foot (ft) = 30.48 cm

	I m = 39.37 in. = 3.281 ft

	1 mile (mi) = 5280 ft = 1.609 km

	1 km = 0.6214 mi

	1 gallon (gal U.S.) = 3.785 L = 0.8328 gal(British)

	1 pint (British) = 568 mL

	1mi/h = 1.467 ft/s = 1.609 km/h

	1km/h = 0.287 m/s = 0.621 mi/h

	1 ft/s = 0.305 m/s

	1m/s = 3.281 ft/s= 3.600 km/h

	I kg = 2.20 pounds (lb) 


Temperature conversions

There are three commonly used temperature scales:

· The Celsius scale is the most commonly used temperature scale.  

· The Fahrenheit scale is used in the United States. 

· The absolute or Kelvin scale is used in scientific work.
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The Fahrenheit and Celsius scales give certain values to both freezing and boiling points of water at atmospheric pressure.

	
	Celsius
	Fahrenheit

	Freezing point
	0.00°C
	32.0°F

	Boiling point
	100°C
	212°F


Between these two reference points the Celsius scale is divided into 100 equal units and the Fahrenheit scale into 180 equal units.  This makes it easy to convert from Celsius to Fahrenheit or vice versa, as each value of Celsius has a corresponding Fahrenheit value, 1°F = 9/5°C.  The conversion formulas are as follows:

T(°C) = 5/9[T(°F)-32] or T(°F) = 9/5T(°C) + 32

It may be easier to simply remember that 0°C=32°F and that 5°C=9°F.

Example: Taking Your Temperature

Normal body temperature is 98.6°F.  What is this in °C? And what is the temperature in Fahrenheit back from °C? 

Solution:

98.6-32) x 9/5 = 37°C

37 x 9/5 + 32 = 98.6 °F

Convert From Fahrenheit To Celsius Using The Formulae

T(°C) = 5/9[T(°F)-32]

°F = 98.6

°C = ? 

Substitute in formulae above

T(°C) = 5/9 x [98.6 – 32]

T(°C) = 5/9 x [66.6]

T(°C) = 37°C

Convert Fahrenheit into Celsius using the formula:

T(°F) = 9/5T(°C ) + 32

°C = 37

°F = ?

Substitute in formulae given above

T(°F) = 9/5 x 37°C  + 32

T(°F)= 66.6°C + 32

T(°F) =98.6 °F

It is important to remember that different thermometers are made from various materials and filled with different substances, in practice this means that they all expand and contract differently in response to changes in temperature.  Because of this most thermometers are only reliable within a set range of temperatures.

Scientific Notation

Scientific notation is very useful as it allows you to express very large or small numbers easily and is also helpful in preventing ambiguity in regard to significant figures.

For example: 1000 could be interpreted as having 1 significant figure or 4, however if it is indicated as 1 x 103  we know it only has 1 or 1,000 x 103 and we know it has 4.

Examples

1 km = 1 x 1000 m = 1 x 103m

12345m=1,2345 x 104m

0,000012m = 1,2 x 10-5m

0,12m = 1,2 x 10-1m

1mm = 1/1000m = 1 x 10-3m

Using Scientific Notation

Calculate (1,234 x 106) + (6, 7 x 103)

Solution:

(1,234 x 106) + (6, 7 x 103)

= (1,234 x 106) + (0, 0067 x 106)

= (1,234 + 0, 0067) x 106

= 1, 2407 x 106

≈ 1,241 x 106

EFFECT OF ERROR IN CALCULATIONS

Outcome 3
Demonstrate the effect of error in calculations

Assessment criteria

· Symbols for irrational numbers such as 7c and 42 are left in formulae or steps to calculations except where approximations are required

· Descriptions are provided of the effect of rounding prematurely in calculations

· The desired degree of accuracy is determined in relation to the practical context

· The final value of a calculation is expressed in terms of the required unit

Groups Of Numbers
Whole numbers

The term "whole number" is typically used in mathematics.

It is frequently defined by what it does not contain: it cannot be a fraction of a number, a percentage, or have a decimal. 

While a number like 21.32 has a whole number portion of 21, this number is not "whole" because it contains a decimal of 0.32.

Integers and whole numbers are not the same, but all whole numbers are integers. The difference is that integers include negative numbers, while all whole numbers are non-negative. Zero is neither positive nor negative.

Whole numbers are good enough for discussing numbers of people or cattle, but items such as land, wine or other liquids as well as  grain or maize often need to be measured out in varying quantities that does not correspond to whole numbers – we have to be able to show parts of whole numbers. 
When we start dealing with portions of numbers (in other words not whole numbers or integers) we find that not all numbers are exact – some are actually infinite.  This makes it difficult or impossible to represent them exactly.  
The main groups of numbers will be discussed below.
Rational numbers

A rational number is a number that can be written as a ratio. That means it can be written as a fraction, in which both the numerator (the number on top) and the denominator (the number on the bottom) are whole numbers.

· The number 8 is a rational number because it can be written as the fraction 8/1.

· Likewise, 3/4 is a rational number because it can be written as a fraction.

· Even a big, clunky fraction like 7,324,908/56,003,492 is rational, simply because it can be written as a fraction.

Every whole number is a rational number, because any whole number can be written as a fraction. For example, 4 can be written as 4/1, 65 can be written as 65/1, and 3,867 can be written as 3,867/1.


All whole numbers are rational numbers because they may be represented as their value over 1. The number 3 is therefore 
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All Real numbers, (numbers with real values) can be divided into Rational and Irrational numbers.  
Rational numbers have values that can be determined exactly and Irrational numbers have values that cannot be exactly determined.  Rational numbers are very often perfect squares.

Among the followers of Pythagoras it was discovered that whole numbers and fractions (known as rational numbers because they can be expressed as ratios) do not account for all numbers.  
Irrational numbers
So we see that a rational number can be written as a Ratio of two integers (ie a simple fraction).

· Example: 1.5 is rational, because it can be written as the ratio 3/2

· Example: 7 is rational, because it can be written as the ratio 7/1

· Example 0.333... (3 repeating) is also rational, because it can be written as the ratio 1/3

But some numbers cannot be written as a ratio of two integers . and they are called Irrational Numbers
It is irrational because it cannot be written as a ratio (or fraction),not because it is crazy!

Example
π (Pi) is a famous irrational number. 
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	π = 3.1415926535897932384626433832795 (and more...)

You cannot write down a simple fraction that equals Pi. 


The popular approximation of 22/7 = 3.1428571428571... is close but not accurate.

Another clue is that the decimal goes on forever without repeating.

So you can tell if it is Rational or Irrational by trying to write the number as a simple fraction.

Example: 9.5 can be written as a simple fraction like this:

9.5 = 19/2
So it is a rational number (and so is not irrational)
Here are some more examples:

	Number
	As a Fraction
	Rational or
Irrational?

	1.75
	7/4
	Rational

	.001
	1/1000
	Rational

	√2 
(square root of 2)
	?
	Irrational !


Square Root of 2

Let's look at the square root of 2 more closely.
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	If you draw a square (of size "1"), 
what is the distance across the diagonal?


The answer is the square root of 2, which is 1.4142135623730950...(etc)

But it is not a number like 3, or five-thirds, or anything like that. In fact you cannot write the square root of 2 using a ratio of two numbers and so we know it is an irrational number

Famous Irrational Numbers

	[image: image31.png]



	Pi is a famous irrational number. People have calculated Pi to over one million decimal places and still there is no pattern. The first few digits look like this:

3.1415926535897932384626433832795 (and more ...)
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	The number e (Euler's Number) is another famous irrational number. People have also calculated e to lots of decimal places without any pattern showing. The first few digits look like this:

2.7182818284590452353602874713527 (and more ...)
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	The Golden Ratio is an irrational number. The first few digits look like this:

1.61803398874989484820... (and more ...)
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	Many square roots, cube roots, etc are also irrational numbers. Examples:

√3
1.7320508075688772935274463415059 (etc)
√99
9.9498743710661995473447982100121 (etc)


	


But

But √4 = 2 (rational), and √9 = 3 (rational)  so not all roots are irrational.

We have now seen that the numbers that can not be expressed as ratios are called irrational.  An example is the square root of 2 (the number that multiplied by itself equals 2).  Rational and irrational numbers together represent all numbers greater than zero. 
All numbers that are not rational are considered irrational. An irrational number can be written as a decimal, but not as a fraction.

An irrational number has endless non-repeating digits to the right of the decimal point. Here are some irrational numbers:

π = 3.141592…
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= 1.414213…

Although irrational numbers are not often used in daily life, they do exist on the number line. In fact, between 0 and 1 on the number line, there are an infinite number of irrational numbers!

It was not until the Renaissance that the progress of mathematics called for a further extension of the numbers below zero.  It was gradually realised that these ”negative” numbers were an acceptable mathematical idea, provided that they are handled consistently.

The concept of negative numbers occurs in every day life.  A person can not find a negative number of money in his pocket, but his overdraft at the bank can be negative.

When dealing with arithmetic involving irrational numbers it is best to keep them as they appear unless an approximate answer is required. 

Example

The area of a circle is π × r2, where ‘r’ is the radius of the circle. The area of a circle with a radius of 4cm is π × 42 = 16 × π or 16π. If I need to know the actual area, I could estimate π as 3.14159265 to 9 significant places or to 8 decimals. This estimate of π is an approximation and has been rounded.

Therefore the area is approximately 50.2654824cm2 or 50.3cm2 to 1 decimal digit.


Answer:

The approximation of π has: 

The lower value of 3.141592645 

The upper value of 3.141592654. 

The fraction 
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 is called a proper fraction when a < b (a is less than b) and an improper fraction when a > b (a is greater than b). In both cases ‘b’ is not allowed to be zero.

Fractions

Digits to the right of the decimal point represent the fractional part of the decimal number. Each place value has a value that is one tenth the value to the immediate left of it.

	Number
	Name
	Fraction

	.1
	tenth
	1/10

	.01
	hundredth
	1/100

	.001
	thousandth
	1/1000

	.0001
	ten thousandth
	1/10000

	.00001
	hundred thousandth
	1/100000


Example 

0.234 = 234/1000 (said - point 2 3 4, or 234 thousandths, or two hundred thirty four thousandths)

4.83 = 4 83/100 (said - 4 point 8 3, or 4 and 83 hundredths)

Repeating decimals
A repeating decimal, also called a recurring decimal, is a number whose decimal representation eventually becomes periodic (i.e., the same sequence of digits repeats indefinitely)
Repeating decimals are decimals with certain digits that repeat.
When converting repeating decimals to fractions, just follow the steps below carefully.

Example: What rational number or fraction is equal to 0.55555555555

Step 1:
Let x equal the repeating decimal you are trying to convert to a fraction
x = 0.5555555555
Step 2:
Examine the repeating decimal to find the repeating digit(s)
After examination, the repeating digit is
Step 3:
Place the repeating digit(s) to the left of the decimal point
To place the repeating digit ( 5 ) to the left of the decimal point, you need to move the decimal point 1 place to the right
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Technically, moving a decimal point one place to the right is done by multiplying the decimal number by 10.
When you multiply one side by a number, you have to multiply the other side by the same number to keep the equation balanced
Thus, 10x = 5.555555555

Step 4:
Place the repeating digit(s) to the right of the decimal point
Look at the equation in step 1 again. In this example, the repeating digit is already to the right, so there is nothing else to do.
x = 0.5555555555
Step 5:
Subtract the left sides of the two equations.Then, subtract the right sides of the two equations. As you subtract, just make sure that the difference is positive for both sides.
Your two equations are:

10x = 5.555555555

   x = 0.5555555555

10x - x = 5.555555555 − 0.555555555555

9x = 5

Divide both sides by 9

Example #2:

What rational number or fraction is equal to 1.04242424242

Step 1:

x = 1.04242424242 

Step 2:

After examination, the repeating digit is 42

Step 3:

To place the repeating digit ( 42 ) to the left of the decimal point, you need to move the decimal point 3 place to the right
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Again, moving a decimal point three place to the right is done by multiplying the decimal number by 1000.

When you multiply one side by a number, you have to multiply the other side by the same number to keep the equation balanced

Thus, 1000x = 1042.42424242

Step 4:

Place the repeating digit(s) to the right of the decimal point

In this example, the repeating digit is not immediately to the right of the decimal point.

Look at the equation in step 1 one more time and you will see that there is a zero between the repeating digit and the decimal point

To accomplish this, you have to move the decimal point 1 place to the right
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This is done by multiplying both sides by 10

10x = 10.4242424242

Step 5:

Your two equations are:

1000x = 1042.42424242

   10x = 10.42424242

1000x - 10x = 1042.42424242 − 10.42424242

990x = 1032

Divide both sides by 990

x = 1032/990
Scientific notation
Example:   1.3333333 never ends and is written as:
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However this is a rather complicated method to use.  It is much easier to simplify the repeating number to its nearest decimal value.  We do however indicate that it is repetitive.
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Here are a few examples:


Convert repeating decimals to common fraction form
Every fraction (technically, a fraction is called a rational number) either terminates - ends with a string of 0's - or is a repeating decimal

Important Note: any span of numbers that is underlined signifies that those numbers are repeated. For example, 0.09 signifies 0.090909.

Only fractions in lowest terms are listed.  For instance, to find 2/8, first simplify it to 1/4 then search for it in the table below. 

	fraction = decimal
	 
	 
	 

	1/1 = 1
	 
	 
	 

	1/2 = 0.5
	 
	 
	 

	1/3 = 0.3
	2/3 = 0.6
	 
	 

	1/4 = 0.25
	3/4 = 0.75
	 
	 

	1/5 = 0.2
	2/5 = 0.4
	3/5 = 0.6
	4/5 = 0.8

	1/6 = 0.16
	5/6 = 0.83
	 
	 

	1/7 =  0.142857
	2/7 =  0.285714
	3/7 =  0.428571
	4/7 =  0.571428

	 
	5/7 =  0.714285
	6/7 =  0.857142
	 

	1/8 = 0.125
	3/8 = 0.375
	5/8 = 0.625
	7/8 = 0.875

	1/9 = 0.1
	2/9 = 0.2
	4/9 = 0.4
	5/9 = 0.5

	 
	7/9 = 0.7
	8/9 = 0.8
	 

	1/10 = 0.1
	3/10 = 0.3
	7/10 = 0.7
	9/10 = 0.9

	1/11 = 0.09
	2/11 = 0.18
	3/11 = 0.27
	4/11 = 0.36

	 
	5/11 = 0.45
	6/11 = 0.54
	7/11 = 0.63

	 
	8/11 = 0.72
	9/11 = 0.81
	10/11 = 0.90

	1/12 = 0.083
	5/12 = 0.416
	7/12 = 0.583
	11/12 = 0.916

	1/16 = 0.0625
	3/16 = 0.1875 
	5/16 = 0.3125
	7/16 = 0.4375

	 
	11/16 = 0.6875
	13/16 = 0.8125
	15/16 = 0.9375

	1/32 = 0.03125
	3/32 = 0.09375
	5/32 = 0.15625
	7/32 = 0.21875

	 
	9/32 = 0.28125
	11/32 = 0.34375
	13/32 = 0.40625

	 
	15/32 = 0.46875
	17/32 = 0.53125
	19/32 = 0.59375

	 
	21/32 = 0.65625
	23/32 = 0.71875
	25/32 = 0.78125

	 
	27/32 = 0.84375
	29/32 = 0.90625
	31/32 = 0.96875


The Effect of Rounding Numbers Prematurely

When rounding whole numbers there are two rules to remember:

Rule #1

Determine what your rounding digit is and look to the right side of it. If the digit is 0, 1, 2, 3, or 4 do not change the rounding digit. All digits that are on the right hand side of the requested rounding digit will become 0.

Rule #2

Determine what your rounding digit is and look to the right of it. If the digit is 5, 6, 7, 8, or 9, your rounding digit rounds up by one number. All digits that are on the right hand side of the requested rounding digit will become 0.

When rounding numbers involving decimals, there are 2 rules to remember: 

Rule #1

Determine what your rounding digit is and look to the right side of it. If that digit is 4, 3, 2, or 1, simply drop all digits to the right of it. 

Rule #2

Determine what your rounding digit is and look to the right side of it. If that digit is 5, 6, 7, 8, or 9 add one to the rounding digit and drop all digits to the right of it. 

Rule #3

This rule provides more accuracy and is sometimes referred to as the 'Banker's Rule'. When the first digit dropped is 5 and there are no digits following or the digits following are zeros, make the preceding digit even (i.e. round off to the nearest even digit). E.g., 2.315 and 2.325 are both 2.32 when rounded off to the nearest hundredth. Note: The rationale for the third rule is that approximately half of the time the number will be rounded up and the other half of the time it will be rounded down.
Example

765.3682 becomes: 

1000 when asked to round to the nearest thousand (1000) 

800 when asked to round to the nearest hundred (100) 

770 when asked to round to the nearest ten (10) 

765 when asked to round to the nearest one (1) 

765.4 when asked to round to the nearest tenth (10th) 

765.37 when asked to round to the nearest hundredth (100th.) 

765.368 when asked to round to the nearest thousandth (1000th) 
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Anytime we work with rounded numbers we introduce errors to our calculations. Arithmetic uses operations to combine numbers while obtaining a result that is meaningful. The results of an operation are dependent upon how accurate the numbers are to begin with.
If we look at the example above, we can see the following:

When we look at our budgets when we buy a bed, we can see that:

rounding 765.3682 off to the nearest 1000 is silly, because then the bed would cost R1000

We expect the shop owner to round off to the nearest100th = R765.37

On the other hand, if we are travelling to Durban from Johannesburg, we really do not want to know the exact distance, an approximate distance would do. In this case, we would round to the nearest 100 = 800km.

When a doctor is measuring your heartbeat, you want him to be as accurate as possible: to the nearest 100th or 1000th to make sure your heart is functioning right.

Addition 

When several numbers are added the sum should be rounded to the number of decimal places no greater than in the addend (number being added) that has the smallest number of decimal places. 

Example
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Answer

The sum must be rounded to 4.60 because the smallest fractional part is only two digits.

There are two ways to perform this operation. One is to round all values then add while the other is to add all numbers then round. 

Both methods are used but the preferred method for a series of numbers is to add the numbers and then to round the result as this method reduces errors due to rounding.
Example

Assume that we want to have the sum of a series of numbers to be accurate to the nearest unit and we have the following numbers:

0.9, 0.9, 0.9, 0.9, 0.9, 0.9, 0.9, 0.9 ,0.9 (9 × 0.9 = 8.1).

If each number is rounded to units before adding them together, we would have an answer of 9 instead of 8. Note however, that rounding the numbers then adding them usually reduces the amount of work you have to do.

Subtraction

For subtraction follows the same rule as addition and round the final result.

Example


[image: image44.wmf]10.30
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10.174


Answer

The result must be rounded to 10.17 because the smallest fraction only has two decimal places.

Multiplication

Round off the result to the number of significant figures contained in the smallest multiplicand (number involved in the multiplication). 

Example


[image: image45.wmf]10×25.3×1.257=318.021


Answer

The result must be rounded to 320 because 10 have no decimal places. If we knew that 10 was a rounded number (anywhere from 5 to 14), then we would have to round the result to 300.

Division

Round off the result to the number of significant figures in the dividend or divisor, whichever is the smaller. 

Example
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=4383.748

1.23456


Answer

The result must be rounded to 4384 because the dividend has no decimal.

Powers and Roots

Round off to the number of figures in the original data. 

Example
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12.3=3.5071355

=151.29
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The square root must be rounded to 3.51 and the square to 151. 




Often when we calculate a number we end up with a lot of decimals, this isn’t practical and we round off to a certain number of decimal numbers.  

If a number is between 1 - 4 it is rounded down and if it is between 5-9 it is rounded up. 

Example 

Round off all the numbers to 3 decimal numbers

1.256784 = 1.257

4.3812629 = 4.381

1.001111 = 1.001

22.22222 = 22.222

8.989993 = 8.990
Desired Degrees of Accuracy

Approximations and Estimations
An approximation is a representation of something that is not exact, but still close enough to be useful.

Approximation usually occurs when an exact form or an exact numerical number is unknown or difficult to obtain. However some known form may exist and may be able to represent the real form so that no significant deviation can be found. It also is used when a number is not rational, such as the number n, which often is shortened to 3.14159, or √2 to 1.414

Estimation is the process of finding an estimate, or approximation, which is a value that is usable for some purpose even if input data may be incomplete. The value is nonetheless usable because it is derived from the best information available. Typically, estimation involves "using the value of a statistic derived from a sample to estimate the value of a corresponding population parameter".

The sample provides information that can be projected, through various formal or informal processes, to determine a range most likely to describe the missing information. An estimate that turns out to be incorrect will be an overestimate if the estimate exceeded the actual result, and an underestimate if the estimate fell short of the actual result.


Estimation is often done by sampling, which is counting a small number of examples something, and projecting that number onto a larger population. An example of estimation would be determining how many candies of a given size are in a glass jar. Because the distribution of candies inside the jar may vary, the observer can count the number of candies visible through the glass, consider the size of the jar, and presume that a similar distribution can be found in the parts that can not be seen, thereby making an estimate of the total number of candies that could be in the jar if that presumption were true.

In making an estimate, the goal is often most useful to generate a range of possible outcomes that is precise enough to be useful, but not so precise that it is likely to be inaccurate. For example, in trying to guess the number of candies in the jar, if fifty were visible, and the total volume of the jar seemed to be about twenty times as large as the volume containing the visible candies, then one might simply project that there were a thousand candies in the jar.

In mathematics, approximation describes the process of finding estimates in the form of upper or lower bounds for a quantity that cannot readily be evaluated precisely. 

Estimation is important in business and economics, because too many variables exist to determine how large-scale activities will develop. 
Practical estimations

Before looking at approximations, there are a number of definitions between the UK system of measurement and the SI system of measurement that must be mentioned. The definitions in the table below marked with an asterisk (*) are exact and have been agreed upon by the international agencies that regulate and define the methods of measurements.  They should not be rounded when used in calculations.

	Factors for converting customary UK and US units to SI units

	1 yard
	0.9144 metre*

	1 foot
	0.3048 metre*

	1 inch
	0.0254 metre*

	1 statute mile
	1,609.344 metres*

	1 nautical mile (international)
	1,852 metres

	1 pound (avdp.)
	0.45359237 kilogram*

	1 oz (avdp.)
	0.02834952 kilogram

	1 pound force
	4.44822 newtons

	1 slug
	14.5939 kilograms

	1 foot pound
	1.35582 joules

	Temperature (Fahrenheit)
	32 + (9/5) Celcius*


The following are a few practical estimations from the SI system that you may find useful in your daily duties:

· Most adults are between 1.5 and 1.8 metres tall.

· The length of an adult pace is about 1 metre.

· It takes about 15 minutes to walk one kilometre.

· The height of a standard door is about 2 metres.

· The mass of a family car is about one tonne (1,000kg).

· The mass of a bag of sugar is about 1kg.

· The volume of a normal tin of drink is about 330cm2.

· A teaspoon holds about 5ml of liquid.

In a like manner, the following are a few practical estimations from the UK system that you may find useful

· The height of a tall adult is about 6 feet.

· The width of an adult thumb is about 1 inch.

· The length of a size 8 shoe is about 1 foot.

· An adult pace is about 1 yard.

· The mass of a bag of sugar is just over 2 pounds.

· An old-style bottle of milk contains 1 pint.

· It takes about 20 minutes to walk one mile.

Example 1

A man is standing next to a large building. Estimate the height of the building.

[image: image48.emf]
The building appears to be about five times the height of the man standing near the building. Assuming that the man is 1.8m tall, the building is about 9m tall. In the UK system, the building is about 30 feet tall.

Example 2

A woman is standing near a lorry. Estimate the length and height of the lorry.
[image: image49.emf]
As the person near the lorry is female, assume her height as 1.5m. The lorry is approximately 3m high and just over 5m long, perhaps 5
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m long. In the UK system a woman would be about 5
[image: image51.wmf]1
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 feet tall. Therefore, the lorry is about 11 feet tall and about 20 feet long.
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We call 11.5 the lower bound and 12.5 the upper bound. We can also write the
upper bound as )

12.4999 .. .. or 12.49
where the dot above the 9 means that it is repeated indefinitely, or recurs.
It is important to see that 12.49 is not the upper bound, as, for example, the
length could have been 12.498.

Example 1

A football match is watched by 56 742 people. Write this number correct to the nearest,
(a) 10000, (b) 1000, (c) 10.

Solution

(@) 56742 =60 000 to the nearest 10 000.
(b) 56742 =57 000 to the nearest 1000.
() 56742 =56 740 to the nearest 10.\

Example 2

—
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Example 3

Write each of the following numbers correct to the number of decimal places stated:

(a) 03741 to  2dp.
(b) 3.8451 to  2dp.
(c) 1428315 to  ldp.
(d) 0000851 to  4dp.

Solution
(a) 0.3741 = 0.37  to 2 decimal places.
(b) 3.8451 = 385 to 2 decimal places

(c) 1428315 = 142.8 to 1 decimal place.

(d) 0.000851 = 0.0009 to 4 decimal places.
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4. Write each of the following numbers correct to 2 decimal places:
(a) 7.431 (b) 8.269 (c) 47135
(d) 11.925 (e) 24.8603 ) 44.0019

5. Wirite each of the following numbers correct to the number of significant
figures stated:

(@) 6475 to 2s.f. (b) 1473 to 1s.f.

(¢) 3681 to 2s.f. (d) 57132 to 4sf.
(&) 16001 to 3s.f. () 14825 to 3sf.
(2 16.999 to 3s.f. (h) 38.9712 to 2sf.

(i) 16037 to 4s.f

6. Write the number 183.9591 correct to:
(a) 3 decimal places (b) 3 significant figures

(c) 2 significant figures (d) 5 significant figures
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(e) 16001 to 3s.f () 14825 to 3s.f
(g) 16.999 to 3s.f (h) 389712 to 2s.f. E

(i) 16037 to 4s.f

6. Write the number 183.9591 correct to:

(a) 3 decimal places (b) 3 significant figures
(c) 2 significant figures (d) 5 significant figures
(e) 1 decimal place (f) 1 significant figure

7. Barry rounds the number 374.49 to 375.

(a) Explain what mistake he has made.

(b)  Describe how Barry tried to round the number and then give the correct
answer.
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answer is a useful check.

One of the simplest approaches to estimation is to round all the numbers involved
to 1 significant figure.

m Example 1

(a) Estimate the value of 4.73 x 18.4. =
(b) Use a calculator to find 4.73 x 18.4.

(c) Compare the estimate with the exact value.

E Solution

(a) 4.73x184 5x20 =100
(b) 4.73x18.4 = 87.032

0

(c)  Because in (a) we rounded both numbers up, the estimate is slightly
bigger than the actual value, but it does give us an idea of the size of the
answer.

133





A scientist makes a set of estimates of various physical quantities. Can you work out how the scientist made her estimates by reproducing the calculations? Do the answers sound about right, or has the scientist made any significant mistakes?

 
 1. A bottle of water contains 500cm3 of liquid. I fill a crate measuring 1m by 50cm by 50cm with bottles of water to take on a field trip. I estimate that the crate contains 500 bottles of water.
 
2. The number of rings a tree has on its trunk can tell you how old it is. On a tree stump I measure the distance between two adjacent rings and find that it is 0.6cm. The diameter of the stump is almost half a metre. I estimate that the tree was 42 years old when it was cut down.
 
3. Today I ate a 30g packet of crisps at morning break time, as I always do, so I estimate that I eat almost 11kg of crisps a year.

4. A packet of sugar weighs 1kg. My friend and I take two spoons of sugar in our coffee and we each drink 4 cups per day. One packet should just about last us for the two month field trip that we are planning.

5. My round trip to work each day is about 22 miles, but I can claim mileage from work. I estimate that I can claim for 8000 miles each year.
 
6. Last month the energy costs in my lab were £560. I estimate that my energy costs per year will be £7000.
 
7. I have a large mound of building rubble which needs disposing of. The mound is about 2 metres high in the middle and about 3 metres across. I estimate that there is about 4.7 cubic metres of rubble which needs to be removed, so I should be safe ordering a 5 cubic metre skip.
 
8. A very large waterfall measures 170 metres across. I measure the flow rate in the centre and it is 124 cubic metres of flow per metre per minute. I estimate that 632 metric tonnes of water flows over the waterfall per hour. 
 
9. My vegetable plot for testing variations of plants measures 9.5 by 11 metres. I test two square metres of ground and find 53 worms in one section and 42 worms in the other. I estimate a population of 5000 worms in the vegetable plot.
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3. What is the best estimate of 5896 + 16747

2.7570 b.7057 c.7750 d. none of these
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6. What is the best estimate of 3951 + 42587

2.8000 b.8210 c.8120 d. none of these
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	Recurring Decimals 


	So far, we have considered divisions with a limited number of decimal places in the quotient (i.e. answer). 
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These are examples of terminating decimals.

Sometimes when dividing, the division will never stop as there is always a remainder.

[image: image64.png]Eg 2: 2.6666. (By long division)




It is clear that if 8 is divided by 3, then the sixes in the answer never stop.  This is an example of a recurring decimal.
This is written as:

[image: image65.png]=26




The dot above 6 means that it is repeated indefinitely (i.e. forever).

An alternative notation involves placing a bar above the repeating digit(s) in the quotient (i.e. answer).

[image: image66.png]




Example 40

[image: image67.png]Evaluate 2 + 3 until a pattern is apparent.




Solution:

[image: image68.png]066686
3) 2.02020%0





We notice that the remainder is always 2.  So, the digit in the quotient will continue to be 6.

[image: image69.png]



This is written as:

[image: image70.png]
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We can express = as a decimal correctto any specified number of decimal places s follows




[image: image72.png]2= 06=06666
3

=0.667
=067
=07
=1

(To infinite number of decimal places)

(To 3 decimal places)
(To 2 decimal places)
(To decimal place}

{To the nearest unit}





Example 41

Write the decimal 0.3333… in recurring decimal form.

Solution:

[image: image73.png]0.2332.. =073





Example 42

Write the decimal 4.27777… in recurring decimal form.

Solution:

[image: image74.png]4.27777.. =421





Example 43

[image: image75.png]Write 4+ 7 in recurring decimal form.




Solution:

[image: image76.png]05714285714285

7} 4.0%010%0%0%0 %00 %0%0%0%




We notice that the digits 5, 7, 1, 4, 2 and 8 begin to repeat.

[image: image77.png]571428571428,




This is written by placing a dot over the first and the last recurring digit.

[image: image78.png]571428




Alternatively, we can write it by placing a bar above the whole repeating set of digits.

[image: image79.png]4+7=0571428





Example 44
[image: image80.png]Evaluate % correct to 2 decimal places.




Solution:

[image: image81.png]1033333
3

—033 {To 2 decimal places)



    


The binary number system is a method of representing numbers that has 2 as its base and uses only the digits 0 and 1. Each successive digit represents a power of 2. For example, 10011 represents (1 × 24) + (0 × 23) + (0 × 22) + (1 × 21) + (1 × 20), or 16 + 0 + 0 + 2 + 1, or 19.





The decimal number system refers to the numbers we use every day, based on 10 digits (0,1,2,3,4,5,6,7,8,9).





Position is important, with the first position being units, then next on the left being tens, then hundreds and so on.





There is no 2,3,4,5,6,7,8 or 9 in Binary





In computing and electronic systems systems, binary-coded decimal (BCD) is a class of binary encodings of decimal numbers where each decimal digit is represented by a fixed number of bits, usually four or eight.








There is no 2,3,4,5,6,7,8 or 9 in Binary





This means that numbers can be used in different ways to express size and magnitude.





The International System of Units (SI) is the modern form of the metric system and is generally a system of units of measurement devised around seven base units and the convenience of the number ten. It is the world's most widely used system of measurement, both in everyday commerce and in science.





The symbols in the last column are not abbreviations (hence, no periods are used), and they are exactly the same in all languages. Prefixes may be added to these symbols in order to conveniently refer to very large or very small quantities. 








The letters ‘C’, ‘G’ and ‘S’ stand for centimetre, gram and second.





The metric system is an international decimalised system of measurement.





The Imperial System has been replaced by the Metric System in most countries (including England)





Despite popular misconception, temperature is not considered part of either system, though the country that uses the Imperial system the most, the U.S., also uses Fahrenheit the most.





Rational numbers are all numbers that can be represented as a ratio (� EMBED Equation.DSMT4 ���) of two numbers.





�





What are the upper and lower limits of the approximation used for π?








� EMBED Equation.3  ���





A round-off error, also called rounding error, is the difference between the calculated approximation of a number and its exact mathematical value





Although there is one digit in the original data (12.3), there are no digits in the power (2)





We know that the last digit is approximate. Using scientific rounding the original number could be anywhere between 12.26 and 12.34. The squares of these two numbers are 150.3076 and 152.2756, respectively. For popular rounding the ranges would be 12.25 to 12.34. The square of 12.25 is 150.0625. With these results you might even want to accept an answer rounded to the nearest tens which is 150.
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